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I. INTRODUCTION

Simpson's One-Third Rule in composite form is one of the most
frequently used of the simpler quadrature formulas for equidistant
ordinates. The analysis of error in the rule has been extensive, and
relations are available for estimating the error. '" The rule is
applicable only for an even number of equidistant subdivisions of the
range of integration, and the coefficients of the ordinate values away
from the endpoints differ by a factor of two.

The purpose of this report is to present a composite formula
generated from Simpson's Rule that applies for either an odd or even
number of subdivisions of the range of integration, and whose
coefficients of the ordinates are unity except near the ends of the
integration range. Having coefficients of unity over most of the
integration range is an advantage when the ordinates correspond to
measurements with errors, because the errors are weighted equally in the
integration process. Amplification of roundoff noise in computed
ordinates will be minimized also. However, to obtain these advantages,
two additional ordinates must be obtained and utilized.

II. DEVELOPMENT OF THE FORMULA

Simpson's One-Third Rule in composite form is:

I = (h/3)(y 0 + 4y, + 2y2 + .... + 2Yn_ 2 + 4Yn_ 1 + yn) + E

where: I = value of integral

yo.y n = ordinate values at intervals of h on the abscissa

E = error term

Consider a range of integration divided into an odd number of
equidistant intervals of width h. The rule can be applied to the range
of an even number of intervals with ordinates of yo through Yn-1. The

rule also can be applied to the range with ordinates of Y through y0.

If the two results are added the sum is twice the value of the desired
integral less the values of the integral for the intervals between yo and

Yl and between Yn-1 and Yn" If a value for the ordinate at the midpoint

of each of these end intervals can be obtained, then Simpson's Rule can
be applied to obtain the integral values for the end intervals. Adding
these values to the previously obtained sum from the application of the

J. B. Scarborough, Numerical Mathematical Analysis, 4th Edition, The

Johns Hopkins Press, Baltimore, Maryland, 1958.
2 R. W. Hamming, Numerical Methods for Scientists and Engineers, McGraw-

Hill Book Company, New York, New York, 1962.
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composite formula, the following result for the full range of integration
for an odd number of subdivisions of width h is obtained:

21 - (h/3)(y0 + 4y, + 2y2 + 4 + .+.. 2Yn_3 + 4Yn-2 + Yn-l )

+ (h/3)(yl + 4Y2 + 2Y3 + ... + 4Yn-3 + 2Yn-2 + 4 Yn-I + Yn)

+ (h/6)(y0 + 4yl/ 2 + y) + (h/6) (Yn-I + 4Yn-1/2 + Yn) + E

After combining terms, the formula becomes:

I - h [(i/4)y0 + (i/3)Yl/2 + (11/12)y I + Y2 + Y3 + .... + Yn-3 + Yn-2

+ (11/12)YnI + (1/3)YnI/2 + (1/ 4 )yn I + E (1)

All coefficients except for the end points and the midpoints of the
end intervals are 11/12 or one.

Now consider a range of integration divided into an even number of
equidistant intervals of width h. Here Simpson's Rule can be applied to

the entire range of integration. It can also be applied to the range
beginning with the ordinate yl and ending with the ordinate Yn-I" If the

results are added the sum as before is twice the desired value for the
integral less the integral values for the intervals from yo to yl and

from Yn-i to Yn. Assuming that the ordinate for the midpoint of each end

interval is available, the integral values for the end intervals can be
obtained by applying Simpson's Rule, and the formula for the entire
integration range becomes as follows:

"21 = (h/3)(y 0 + 4y, + 2y2 + ....+ 2yn 2 + 4yn 1 + yn
)

+ (h/3)(y I + 
4y2 + 2y3 + .... + 2Yn 3 + 4Yn2 + Yn-1 )

+ (h/6)(y0 + 4y1/2 + y) + (h/6) (Yn-i + 4Yn-I/2 + Yn) + E

After terms are combined the formula for I is found to be identical
to that presented in Equation 1. Therefore Equation I applies for both
even and odd n.

Because the integral for the two end intervals is more accurately
determined through use of one-half width intervals in the computation,
the error for the full integration range will be somewhat less than that
calculated for Simpson's Rule for n subdivisions. However, the reduction
is small, and becomes less as the number of subdivisions is increased,
since the proportion of the range determined with less error becomes
smaller as the number of subdivisions increases. Therefore error
estimates for the formula in Equation 1 are made as for Simpson's
Composite Rule, ignoring the one-half interval ordinates.
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In summary, the quadrature formula presented in Equation 1 applies
for an odd or even number of equidistant subdivisions of the range of
integration, and provides coefficients of unity or near unity except for
the two ordinates at each end of the integration range. The error
estitiate can be made as is done for Simpson's Composite Rule. Howover,
to apply the formula, two additional ordinates must be avallahle" those
at the midpoint of the intervals at each end of the integraition range.
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